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Abstracl. Two-dimensional superfluid states of *He are studied within a microscopic
model, including the effects of the substrate potential and the superfiow. The energetic
stability of these states is analysed. The phase transition temperature and the critical
superflow are found and compared with experiment. The effect of substrate coating with
‘He is discussed.

1. Introduction

Progress in experimental low-temperature techniques during the last few years has
allowed several groups [1-7] to obtain superfluid *He in confined geometries. They
reported the existence of superfluid curreats in thin films with thickness d approaching
the zero-temperature coherence length £, ~ 65 nm (at P = 0 bar) [1-7]. Although
experimental efforts have focused on determination of the superfluid density and the
critical temperature T of the superfluid transition, the theoretical description of these
phenomena is still not sufficient. There are studies by Fetter and Ullah {8] and Jacobsen
and Smith [9] in which the superflow is calculated, but in the Ginzburg-Landau regime
only. Some experiments are carried out in a different temperature limit [2] and it is
not possible to compare them with these theoretical predictions. In this paper the
superfluidity is studied within the microscopic theory and the results obtained are valid
for all temperatures. As mentioned in our first paper [10] for the T = 0 limit, our
aim is to investigate the influence of the substrate potential on the superfluid state.
One of the experimental groups [1, 4, 5] reported that both the superflow and the
critical temperature depend strongly on the kind of substrate. These two quantities
are considerably enhanced when the adsorbent is coated with *“He. Freeman et af
[6] suggested that “He atoms smooth out the substrate irregularities and change the
scattering of *He quasiparticles off the wall from diffuse to specular. Inour work we want
to describe another effect caused by covering the substrate with *He. We suggest that not
only the kind of substrate scattering but also the interaction of *He quasiparticles with
the substrate through the van der Waals forces is weakened by isolating layers of ‘He.
Using a simple model with a substrate potential we find measurable quantities like the
maximal superflow jg, and the critical temperature TF. We study the two-dimensional
states. Therefore, our resuits are correct for films not thicker than £, a little thinner
than those experimentally accessible now. However, as explained further in the text, our

0953-8984/92/489531+14307.50 © 1992 IOP Publishing Lid 9531



9532 G Harah and L Jacak

analysis may also be relevant for films with thickness d of the order of the temperature-
dependent coherence length £(T'), especially at low temperatures, which is a limit not
covered so far in the literature. The other thickness limit for this model is d > py !
where py, = (37?n)1/? is the bulk Fermi momentum and = is the bulk density of *He.
This condition ensures that the interactions between quasiparticles are almost the same
as for the bulk system.

In this paper we use the atomic units £ = kg = 1.

2. Model

We discuss a thin film of constant thickness d. The z axis is chosen orthogonal to
the film surface. This system is approximated by the infinite potential well [11]:

Vl(z)={0 for0<z<d @1

o0 forz<0orz>d’
In order to study the influence of the substrate forces on the adsorbed fluid, we add
the van der Waals-like field [12]:

{V>O for0gz<a

z
Val2) = forz<0orz>a

(2.2)
where V' and a are the amplitude and the range of the potential, respectively.
The potential modelling the thin film is a superposition of V| and V;:

V(2) = Vi(2) + Vy(2). 23)

This simple potential takes the repulsive part of the substrate field into account,
whereas the almost flat long-range attractive part is approximated by the bottom
of the well. This approximation is consistent with potentials calculated by means
of variational methods [13, 14] and based on the well known Lennard-Jones or Azis
formulae. As shown by Krotscheck et af [13] “He layers isolate *He from the substrate
and displace it to the region of a weaker potential. The point in our approximation is
to simulate by a step potential the effect of coating the substrate with *He. Different
values of the potential V,(z) correspond to different “He coverages of the surface. It
should be added that potentials calculated in [13, 14] have rather intricate oscillatory
shape and lcad to the existence of some surface states. Fortunately, we deal with films
of thickness much larger than the interatomic distance (d > p; ~1) and the number
of states substantially exceeds this very limited number of bound states. That is, we
can neglect the surface states in a macroscopic effect like superfluidity. The potential
V(z) may be treated as the simplified effective mean field acting on the superfluid.

Simple considerations show that the only parameters that characterize the
quasiparticle energy spectrum are d/a and V/u, where 4 is the chemical potential
of the system. In figures 1 and 2 we show the single-particle energy spectrum ¢, for
such a potential and its dependence on the above parameters for fixed . From now
on this field will be given by two dimensionless parameters d/a and Va?.

The energy spectrum of that system is

e, (p) =p*/(2m) + ¢, v=1,...,y (2.4)

where v, = max{v : ¢, < u}, p = (p,,p,) is the two-dimensional momentum and
m is the mass of the *He atom. The Fermi momentum of the quantum state number
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Figare 1. The single-particle energy spectrum Figure 2. The single-particle energy spectrum
for dfa = 2 and (1) 2mVe? = 90000x%, (2) for 2mVe? = 100007% and (1) dje = 2, (2)
2mVa? = 1000072, (3) 2mVa? = 25007% and  d/a = 1.5, (3) d/e = 1.1 and (4) d/a = 50; the
{4) 2mVa? = 900x%; the broken curve represents  broken curve represents the energy spectrum of the
the energy spectrum of the infinite potential well.  infinite potential well.

v is pgsind,, where sind, = (1 — ¢, /)2 The inclusion of the potential V,(z)
makes the energy levels unequally spaced.

For a given density n, the two-dimensional Fermi momentum pp and the bulk
Fermi momentum p, = (37?n)'/3 arc connected by

Ve -171/2
pp = pn[ZPUd(fi‘n.‘ Zsinza,,) ] . (2.5)

v=1

3. Formalism

We introduce the Matsubara—-Green function for a non-interacting system of fermions
in a thin film [11, 15]:

Gy, (iw,, ) = [iw, = ¢,(p) + 4] (3.1)

where w,, = (2n+1}xT and ¢, (p) is defined by equation (2.4). The Green functions
G, (iw,,p) and F, (iw,,p) for a superfluid state are determined by the Abrikosov-
Gorkov equations [16]:

gu(iwn :p) = guv(iwn ,P) + gUu(iwn!'p)Av(p)f:.(iwn’p) (3'2)
Fhiw,,p) = =G, (iw,,2)AT (P)G, (iw,, p). (3.3)
The order parameter A, (p) is found from the following self-consistent gap equation:
AF(p)==T Y V,,(:8)F}(iw, 1) (34)

P1.1,n
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where

V(B2 P1)apys = 29(pp,sind, sin P, +c0sd, cosd, }(6,,855 + 6,565,) (3.5)

is the p-pairing interaction for thin films [11, 15], g is the bulk coupling constant and
the superscript ‘~’ in equation (3.3) denotes time inversion.

The presence of a superflow in a system is introduced by a Galilean transformation
[17, 18]:

rp—p+mu (3.6)

where v is the superfluid velocity and is assumed to be independent of spatial
coordinates. With accuracy to linear terms in v, which is consistent with the
assumption that v <« pg/m, this transformation implies a shift of Matsubara
frequencies:

o, —iw, —v-p. 3.7

Since we have restricted our considerations to films of thickness d € £;, the order
parameter A (p) is not a function of z and superfluidity is two-dimensional. The
order parameter will be discussed more thoroughly further in the paper.

4. Transition temperature

The superfluid transition temperature T.F [12] is obtained from equations (3.2)-(3.4):

e -1
TF/TB = (2w /= TB)® X=1- 2pud(37r28in2 191,) (4.1

r=1

where T8 is the bulk critical temperature and w, is the energy cut-off parameter.
In calculations we have assumed w, /TP = 100 according to appropriate Bardeen—
Cooper-Schrieffer (Bcs) relations; w_ should be interpreted as the limiting upper
value of definite quasiparticle excitations in a system.

The critical temperature TF as a function of film thickness for some values of
potential V'(z) is shown in figure 3. There is qualitative agreement between presented
relations and experimental results [2, 3]. As seen from figure 3, the van der Waals
ficld substantially reduces TY. This is consistent with the experimental results of
Harrison et al [1, 4], when different *He coverages of the surface correspond to
different values of the potential V' (z). However, it is not possible to fit the measurcd
transition temperature as a function of thickness with a simple V'( z) field. The small
jumps in theoretically calculated 77F (see figure 3) are due to quantum size cffects.
The similar behaviour of measured T 2, 3] is of the same origin; however, in some
cases it can be associated with experimental errors.

5. Superfluid phases

Now we turn our attention to the order parameter A, (p). Note that both the
angular momentum L and the spin S of a pair of quasiparticles are unit vectors. The
order parameter A, (p) is represented by the spherical tensors [J,m) [19] with J
denoting the total angular momentum of a Cooper pair and m its projection on the =
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axis. It is obvious that for the two-dimensional momentum p the angular momentum
projection m attains only two values m,; = 1 and simple considerations Jead to
the representation of A (p) by six spherical tensors |J, m):

A (p) = Asind, (ayy[0,0) + a; 4[1,0) + a, 4|1, 1)

+ ol -1 +e;;3(2,2) + ay ,[2,-2)). (-1
The order parameter for a p-paired system is conventionally defined as [20]:
A (p) = A(d(p,v)é)io, (3-2)

where & = (o,,0,,0,) are Pauli matrices. The vector d(p, v) is represented by a
tensor d;; [20]:

d;(p,v) =d;;p;sind . (5.3)
Using the explicit form of the tensor |J,m) we can write
d;; = (1/V3)aged;; + (1//2)ayo(6; 8, — 6,:6;,) + (1/2)ie; 16, (6, +i4;,)

+ (1/2)iay _18;,(8;, —16;,) + (1/2)ay4(6;, +16;,)(8;, +16;,)

+ (1/2)a, _5(6;, —16;,)(6;, —i6;,). (5.4)

This general form of the tensor d;; can also be obtained by setting p, = 0 in d(p)
for a three-dimensional superfluid [21].
The gap equation (3.4) can be written in a convenient form [19]:

. ik ar
d;;jpjoiioy, = T dyprogio, (5:5)

where T is the operator acting on the right side of equation (3.4), and the upper
and lower indices refer to spin and orbital degrees of freedom respectively. In the
absence of a magnetic field the tensor T;," is independent of spin indices:

T3 = T8, (5.6)

Then the gap equation (5.5) reduces to
da‘jﬁj = T}Idirﬁi- (5.7)
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We obtain two main unitary phases that are invariants of equation (5.7): the
two-dimensional A phase (2-a)

di; = 3il(ay; + ey,_y) &0 +ilay,; —ay,_y) 65, 6, (5.8)

and the two-dimensional B phase (2-B)

di; = [(1/v/3)ay 08;. = (1/v/2)ay46;,16:, + [(1/V/3)ag by + (1//2)ay46,,)6;,.

(5.9)
It is convenient to transform these tensors and write the order parameter as
0 0
d= 0 0 (5.10)
Ay A, )
A, (p) =/3/2sind (AP, + iAzﬁy)aziay (5.11)
for the 2-A state and
Ay -4,
d = Az Al (5.12)
0 0
A, (p) = /3/2sind, [(Ap, - Ayp )0, + (AgP, + AyB, )0, ] o, (5.13)

for the 2-B state.

The amplitudes A, and A, are determined by the gap equation (3.4) and are
usually different for each phase. The above phases (5.10)—(5.13) are generalizations
to the case with broken rotational symmetry of two-dimensional phases obtained by
Brusov and Popov [22]. The superflow in the plane of the film breaks the symmetry
of the system with respect to rotations about the z axis. However, cach phase
corresponds to a different quantum number m (the z component of the total angular
momentum); namely the 2-A phase corresponds to rn = 1 whereas the 2-B one is
associated with m = 0, as in the case of an unbroken rotational symmetry. The
first of these phases may also be interpreted as the bulk phase in the proximity of
the substrate surface with the angular momentum vector I orthogonal to the surface
plane [20, 23, 24]. That is, the superfluid state in films with thickness d ~ £(T)
is approximated at low temperature by the two-dimensional A phase (5.10)—(5.11).
Also the bulk B phase, due to the orientational wall effects, can be thought of as the
two-dimensional B phase (5.12)—(5.13) in the proximity of the surface [25].

It was proved [22] that the 2-A and the 2-B phases are degenerate and stable
when there is no flow in the system. The problem of a superfluid current in the
Ginzburg-Landau regime for thicker films (d > £(T)}, where the bulk phases occur,
was studied by Fetter and Ullah [8].

Next we present results of the microscopic theory for two-dimensional superfluids.
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6. The two-dimensional A phase

The gap equation (3.4) for the 2-A phase is

T e We /2 4 cos? ¢ E E;
A, =3gN,——A '219fdf do ( th(”)]
1 g Upud 1§S'ﬂ v [ € , I tanh 5T + tan 2T

v

(6.1)
A, = 3gNu;%A2§sin219y /uw‘defum %Si;;ud’ [tanh (‘ZE;’Z) + tanh (‘g)]
i (6.2)
where
E, = |+ }(Alcos? ¢+ Alsin ¢ sin? 19,,]”2 (63)
E%f = E, + vppsind, cos ¢. (6.4)

The solution to equations (6.1) and (6.2) was found numerically and is presented
for various temperatures in figure 4. The superfluid gap function for finite flow has
two non-degenerate components: the component A, perpendicular to the flow is
enhanced whereas the component A, parallel to the flow is suppressed. There is a
phasc transition from the 2-A phase (A, # 0 and A, # 0) to the two-dimensional
polar phase (A, = 0), which is only a special case of the 2-A state (5.10)—(5.11). For
sufficiently low temperatures this transition is of first order and can be determined by
calculating the free energy F(A,,A,). Let us remark that the gap function plays
the role of the order parameter in the system, and the gap equations (6.1)-(6.2) are
understood as stationary-type conditions of the free energy F£ (A, A,). That is,
a a
EFSA(AUAZ):O and B—AZFSA(AI,AZ)ZO
coincide with equations (6.1) and (6.2) respectively. Hence, the free cnergy
F&(A, A,) of the system can be obtained [17] by integrating the gap cquations.
If we write equation (6.1) as fj(A;,A;) = 0 and equation (6.2) as f{A,,A,) =0,
then the free energy FA(ALA,) is
Ay [2¥]
F(Apay) - Fy= [ fi(ALA)AA + [ 1:(0,80)da 65)

where Fy is the free energy of the normal phase. From equation (6.5) we obtain

FAALA)) - Fy=3 N—”—i “a "/ dg (A}cos? ¢ + AZsin
s (B 8) = By =3¢Ny g AR - 1¢0 28in” @)

LI EY kY
X E—ysm 7, [tanh (ZT) <+ tanh (2T)]
Etr EZ
— 4_ v v
3’]’[]11 (cosh (ZT)) +In (cosh (ZT))

_ €+ vasinﬂycosqb))
In (oosh ( T

~In (cosh (G —YPF ;i;,ﬁ"cos ¢'>)]} (6.6)
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For the two-dimensional polar phase (2-P) we have
FS(Ag) = F{ (A =0,4,). 6.7)

Phase diagrams calculated from equations (6.6) and (6.7) are shown in figure 5. The
transition from the two-dimensional A phase to the normal state is always through
the two-dimensional polar phase.

Finally we determine the superflow jg [17, 18]:

js= 5T Y o+ mv)G,(inp) (68)

pr)n

where V is the volume of the sample. After straightforward algebraic evaluations we
find

v -1/2
1 2/3 ~ 2
Js = (3W2)1/3n {vpu—- (pudX:lsm 4, /6w
V=

Ve wy xf2 + -
x Zsin2 0“./0 deju %cosé[tanh(i’p) —tanh(zE%)]}.
v=1

(6.9)

This equation allows us to draw the superflow jg as a function of superfluid velocity
v (see figure 6). Comparing superflows with phase diagrams (figure 5) we conclude
that the maximal superflow jg is attained in the 2-A phase. Now it is easy to find
the relation between the critical superflow jg. and the temperature. This {unction
is plotted for different values of potential V(z) in figure 7(a) and for a constant
potential and varying film thickness in figure 7(b). As could be expected the superflow
Js. changes substantially with variations of the substrate field.

Before the eventual comparison of the theoretical results with experimental data,
we will discuss the properties of the 2-B phase.

7. The two-dimensional B phase

The gap equation (3.4) for the 2-B phase is

() (3) S
[ f”/2d¢cosq5[ (:f)mnh(f;)] (7.1)
(31) = 0vegzy () S0

[af e (&) e ()] oo

172
E, = [¢+3(a]+a)sin’ 9] (7.3)

where
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and E¥ is defined by equation (6.4). Because this set of equations is invariant under
the transformation A, — A,, the only quantity we can determine is A2 = Al 4 AL
This is presented for five different temperatures in figure 8, A has the interpretation
of the magnitude of the order parameter for the 2-B phase.

The methods described in section 5 lead to the formula for free energy:

N[ [TRdg [ Alsin® 9 Ef
B(A) - Ry = 39N, ac [ —[t y
FBAY - Ry 3gNupud§f0 <f W{ SF nh (=%

[

+ tanh (fj:)] - %T['“ ("OSh(f;)) Hhn (COSh(f’IE))

I (cosh (c + vppsind, cos ¢a))

2T

—In (cosh (E — YPp Szi;ﬁ” cos qb)) ] } (7.4)

The superflow jg (6.8) is given by equation (6.9) with E, from equation (7.3). From
equations (6.9), (7.3) and (7.4) we see that the superflow jg and the free energy
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Figure 8. The order parameter for the 2B phase  Figure 9. The energy of the 2.8 phase (- — -), the 2-
versus the superfluid velocity v at (1) 7= 0.17F, A phase (—) and the 2P phase (— — —) versus
() T = 03TF, (3) T = 05TF, 4 T = the superfluid velocity v at T = 0.77F, for the

0.77F and (5) T = 0.97F, for the film thickness film thickness pod = 100 and potential constants
pod = 100 and potential constants d/e = 100, dfa = 100, 2mVa? = =%
2mVel =72,

FE(A) depend on the gap magnitude A only. Comparing equation (6.6} with
equation (7.4) one gets F&v = 0) = FE(v = 0) since at v = 0 in both phases
Ay = A, for symmetry rcasons. The depeneracy of these phases is consistent with
results of Brusov and Popov [22]. In the presence of a superflow the numerical
calculations show the stability of the 2-A phase against the 2.B phase. We present
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this result for the temperature T = 0.77F in figure 9. To complete this analysis the
superflow jg for the two-dimensional B phase is drawn in figure 10.

js/ n2/3 A
0.40

0.30

0.20

Figure 10. The superflow of the 2B phase versus the

superfluid velocity v at (1) T = 0.1TF, (2) T = 06.37F,

0.00 ety e ) T = 05TF, (4) T = 0.7IF and (5) T = 0.9TF,

0.00 - - : 159 for the film thickness ppd = 100 and potential constants
VPF/AU dfa = 100, 2mVa? = nt.

8. Comparison with experiment

In this section we compare our results with the experimental data {1-7]. We calculate
the critical superflows for films with thicknesses and transition temperatures measured
by Daunt et al [5]. We fit the potential V(z) (2.3) in order to reproduce the
measured transition temperature T for a given film. This procedure is single-valued.
Next we find the critical superflow jg, as a function of temperature. The results
obtained are drawn in figure 11. The values of j;. in our model are almost an
order of magnitude higher than the measured ones [S]. Nevertheless, we have got a
characteristic temperature dependence of the superflow:

Jse x (L=T/TFY1? (8.1)
which is consistent with the experimental results [3, 5. This relation holds for
temperatures from T =~ 0.27F to T = TT, ie. almost in the entire range of
temperature (see figure 11).

Next we calculate the critical superflows for films investigated by Xu and Crooker
[2]. In figure 12 we draw the superfluid densities as a function of reduced temperature
T/TE. They are described by a universal curve (see figure 12). The superfluid density
pPs. is an order of magnitude higher than those measured by Xu and Crooker [2]. The
conclusion is that there is a different mechanism responsible for strong suppression
of the superflow in a thin film. However, the inftuence of the isolating *He layers on
TF {1, 4] and jg, [1, 4, 6, 7] can be partially explained by a change of the substrate
ficld (see figures 3 and 7(a)). Since the presented microscopic model is quite general,
other kinds of potential V' (z) cannot change the functions drawn in figures 11 and 12
significantly. A potential influences the results through the energy spectrum €, (2.4).
To reproduce a transition temperature T} appropriate to the experiment, each kind
of potential has to give nearly the same set of energies ¢, (4.1) and cannot change
the results. For this reason we do not discuss the applicability of the potentials used;
even more realistic ones must give almost the same results.
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Figure 11. The superfluid density ps. versus the Figure 12. The critical superflow as a function of

temperature T/ T¥. temperature for films with thickness d and critical
temperature TF: (1) 4 = 1200 &, TF /TR = 0.94;
@) ¢ =1100 A, TF /T2 = 0.84; (3) d = 1000 A,
TF/TB =078

9. Conclusions

We have considered three superfluid two-dimensional states of *He in the presence of a
superflow, The two-dimensional A (2-A) state is stabilized against the two-dimensional
B (2-B) state by the superflow (figure 9). There is a phase transition from the 2-a state to
the two-dimensional polar (2-F) state when the superfluid velocity increases (figure 5).
The maximal superflow jg_ is achieved in the 2-a state. For a wide range of temperature
Jsc I8 described by the power law (8.1), which is consistent with the theoretical results
of Jacobsen and Smith [9] and Fetter and Ullah [8] in the Ginzburg-Landau limit.
Our theoretical results are about an order of magnitude higher than the experimental
ones. We have tried to explain the lowered superfluidity by the interaction of *He
quasiparticles with the van der Waals-like field of the adsorbent. Wherteas the effect
of coating a substrate with *He [1, 4, 6, 7] can be partially explained by this model,
the measured superflow values cannot be obtained. In experiments {1-7] the onset
of dissipation occurs at relatively low superflows. This effect may be due to the very
complex structure of the substrate; for instance, large-scale irregularitics may cause
the thinning effect of a film and lower the current. There are always uncertainties
surrounding geometric characterization in these experiments. Some measuremcnts
[1, 4, 5] are performed in the U-tube geometry of the film-flow apparatus. Xu and
Crooker [2] estimate that approximately the equivalent of 100 A thick film is contained
in scratches. This is also supported by the suggestion in [4] that the main influence of the
substrate, rough or smooth, seems to be its influence on the film thickness. An additional
mechanism limiting the critical current may be due to vortex creation and motion [4, 7].
This effect is expected 1o be strongly dependent on the substrate structure [26),

We have used several approximations in our method. The superfluid velocity »
and the order parameter are assumed to be uniform in space [18]. Moreover, the gap
function is two-dimensional, so the model is applicable rather to films with thickness
d € £, We do not include the Fermi liquid forces, because we do not expect them to
play a significant role compared to the influence of the substrate. As far as we know,
there is no well defined Fermi liquid interaction in the proximity of a solid surface. It



3544 G Harah and L Jacak

should be added that the density of an adsorbed *He film is a function of distance {rom
the substrate and in general is not constant, as assumed in our paper. These corrections
to the model] certainly will change the results. However, we do not believe that they will
influence the calculated quantities substantially.

The theory presented here can be applied to thin films with more realistic and
more complex potential of the substrate. This can be done by a suitable choice of
the energy spectrum ¢, (2.4).

In the following paper we analyse the effect of surface roughness on superflow
and stability of the superfluid states studied in this paper.
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